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Abstract

We present a quantum cluster solver for the spin-S Heisenberg model on a two-
dimensional lattice. The formalism is based on the real-space renormalization
procedure and uses the lattice point group-theoretical analysis and non-Abelian
SU(2) spin symmetry technique. The exact diagonalization procedure is used
twice at each renormalization group step. The method is applied to the spin-
half antiferromagnet on a square lattice, and a calculation of local observables
is demonstrated. A symmetry-based truncation procedure is suggested and
verified numerically.

PACS numbers: 05.10.Cc, 02.70.—c

1. Introduction

Low-dimensional magnetic systems are currently a subject of intensive experimental and
theoretical work. Cluster methods, which approximate the physics of the infinite system by
solving the problem for a corresponding finite cluster, are the most frequently used theoretical
approaches, as they account short-range correlations on the scale of the cluster size. Numerical
standard methods in the field, such as quantum Monte Carlo (QMC), exact diagonalization
(ED) [1], and density matrix renormalization group (DMRG) [2, 3], are able to give essentially
exact results on limited size systems and form a versatile methodological triad in simulations
of model Hamiltonians.

Even though these techniques have had spectacular successes in calculating ground
state energies and many other properties of one-dimensional (1D) and two-dimensional
(2D) quantum spin systems [4—7] there is a problem with utilizing symmetries and good
quantum numbers of the Hamiltonian, which may be exploited to thin out the Hilbert space by
decomposing it into a sum of sectors. Common symmetries and conservation laws encountered
in spin systems are (i) Ising or XY symmetry (magnetization conservation S;,, = const),
(ii) point-group symmetry (parity, angular momentum conserved) and (iii) full SU(2)
symmetry (S2, conserved). Among these symmetries only the first is usually exploited in
numerical calculations. The full SU(2) spin symmetry is rather hard to implement, since
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it requires efforts similar to the diagonalization of the actual Hamiltonian to construct the
eigenstates of S2,. An implementation of non-Abelian SU(2) spin symmetry based on
Clebsch—Gordan transformations and elimination of quantum numbers via the Wigner—Eckart
theorem was performed for the interaction round a face (IRF) models in the framework of
the IRF-DMRG method [8]. This technique has been successfully applied to the spin-1/2
Heisenberg chain and, later, to the spin-1 and spin-2 Heisenberg chains [9]. The performant
DMRG method conserving a total spin quantum number has been suggested by McCulloch
and Gulasci [10, 11]. An application of SU(2) symmetries for the matrix product method
(MPM) closely related to the DMRG [12, 13] gives a rotationally invariant formulation valid
for spin chains and ladders [13, 14].

As for the lattice point symmetry, despite its importance in characterizing energy states
of a spin system, there appears to have been little previous work on the subject. Even though
an implementing this symmetry does not lead to a drastic reduction of a dimension of the
Hilbert space sector to be diagonalized, we can resolve properties as a function of additional
quantum numbers (irreducible representations of the point group). This circumstance might
be crucial for efficient truncation of the Hilbert space in algorithms based on the real-space
renormalization group (RSRG) procedure. This generates a motivation for the present paper,
namely, we present a finite cluster solver based on the RSRG scheme which allows us to
exploit both the continuous non-Abelian SU(2) symmetry and discrete symmetry of the lattice
point group in application to isotropic two-dimensional spin-S systems. As an example
of illustrating features of our method we consider the spin-1/2 Heisenberg antiferromagnet
(AFH) on a square lattice. This choice is motivated by two reasons. First, the physical
properties of the S = 1/2 AFH model on the infinite square lattice at 7 = 0 have been
much studied and calculated by various methods by many physicists [15, 16]. The focus has
generally been on the ground-state energy and staggered magnetization, although some other
quantities have also been computed (see [17], for example). Second, the underlying idea of
our approach was first developed by Lin and Campbell in the study of this model system
[18, 24]. Before moving on to the details, we discuss important aspects of finite-lattice
simulations using the ED method regarding the cluster geometry.

The method of exact diagonalization has been used on the best bipartite finite square
lattices with up to N = 38 vertices [25, 27]. On each of the set of finite lattices, the
Hamiltonian of the quantum spin model is diagonalized exactly to find the ground-state energy
and the ground-state eigenvector. The ground-state properties can then be calculated exactly.
The exact ground-state data for each physical property of the model on all finite lattices are
extrapolated against an appropriate inverse power of N to obtain an estimate of the property on
the infinite lattice at zero temperature [28]. Haan et al [30] showed that certain parallelogram
clusters could produce good results in finite-size exact diagonalization calculations. Later,
Betts et al developed a grading scheme of parallelogram tiles of the square lattice that could
generate the best finite clusters [27]. From a symmetry point of view, this approach has an
apparent flaw: the point symmetry of a parallelogram cluster does not match that of the infinite
square lattice.

In this respect, a renormalization-group (RG) approach suggested by Lin and Campbell
combining exact diagonalization results with a RG-type analysis seems to be more promising.
The basic idea of their calculations for 2D AFH on an n x n cluster (n is an odd integer) is to
divide this cluster into two parts: an inner (n — 2) x (n — 2) cluster and the perimeter (‘outer
ring’). The AFH model is firstly solved for the inner cluster and its ground state is mapped onto
a single-effective spin (all the excited states are thrown away). Thus, the problem is reduced
to an effective 1D AFH model in which spins on the outer ring experience antiferromagnetic
nearest-neighbour interactions and interact individually with the effective central spin. The
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latter plays the role of a staggered external magnetic field. The procedure is repeated for the
increasing values of n and demonstrates convincingly that the staggered magnetic long-range
order exists at zero temperature. We note especially that the lattice point symmetry holds for
all the clusters, and their ground state always has spin S = 1/2 (not a singlet) according to the
Lieb—Mattis theorem [31].

We offer to change the real-space RG strategy of the approach making it closer to DMRG
methodology. Our treatment begins by dividing a cluster into a central spin and its environment.
In the course of real-space RG iterations the environment increases (technical details are
discussed in the text) and we determine how coupling between the central spin and the
environment varies. Note especially that we address to the exact diagonalization procedure
twice at each RG step. The first use gives access to states of the environment and the second
one does the same to those of the whole cluster that provides its spectrum and observables
of interest. Within our RG framework, local results such as the energy per bond ¢ and the
staggered magnetic moment m are measured on the central site.

We have carried out the renormalization procedure through systems of size v/17 x /17,
and, in contrast to approach in Ref. [18], we keep not only the ground state. For small clusters
(«/g x /5 3% 3,413 x \/ﬁ) we use all of the excited states of the environment found by
exact diagonalization, whereas for the cluster of size /17 x +/17 we apply a symmetry-based
truncation procedure, retaining only the states with largest weight in the environment density
matrix. For this cluster we have compared the exact diagonalization result for ¢ and m with
those obtained via our renormalization group, and we regard the resulting better than 1072%
agreement as support for the reliability of our calculations.

We note that several other methods to improve the RSRG calculations have been
previously formulated to study low-energy properties of spin lattice models. Among the most
important and successful ones, one may cite the real-space renormalization group with effective
interactions (RSRG-EI) [19], and the dressed cluster method (DCM) [20, 21]. The first method
is an improvement of the RSRG method originally proposed by Wilson. By considering
the blocks of lattice it extracts effective interactions between the blocks through the exact
diagonalization of dimers of blocks. Knowledge of the exact spectrum of the dimers enables
one to define interblock effective interactions via an effective Hamiltonian. This procedure
is iteratevely repeated to blocks of blocks providing at a very low cost reasonable estimate of
the energy per bond for 1D and 2D spin lattices. The second method (DCM) uses a single-
reference wavefunction as do the coupled cluster method (CCM) [22, 23]. This wavefunction
is used as a bath in which a finite cluster is embedded and treated exactly. The effect of
excitations occurring on the bonds around the cluster is taken into account through a dressing
of the cluster configuration interaction (CI) matrix. This approach gives results for the cohesive
energy of the same accuracy as the best QMC ones. The DCM can be seen as a convenient
approximation of the CCM. However, the problem is formulated as a diagonalization of a
dressed CI matrix instead of the resolution of a nonlinear system of equations.

The paper is organized as follows. The general formalism for two-dimensional spin-S
systems is introduced in the following section. In section 3 we apply the method to the AFH
model on a square lattice. Finally, our conclusions and an outlook are presented in section 4.

2. Two-dimensional isotropic Heisenberg spin-S system

2.1. Cluster states and observables

In the first step one must identify the cluster. As detailed above, care should be taken to ensure
that the cluster has the same point-group symmetry as the lattice. Since the calculation of
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antiferromagnetism requires bipartite clusters, we select a cluster with a bipartite environment
of the central site (the case of this violation will be illustrated in the example of the cluster
V13 x +/13).
The cluster Hamiltonian
A=7Y5,8;5="H,+V (1)

né

is composed of the term V = J So D5 §0+3 describing interactions of the central spin So
with the nearest neighbours at distances § and rest terms denoted as the Hamiltonian of the
‘environment” H,. Since, by construction, the cluster retains a lattice point symmetry, its
states |[iISMT u) with the energies E;sr are labelled by the cluster total spin S with the third
component M and by the irreducible representation I"x of the cluster point group. Different
states with the same values SM and I'u are distinguished by the index i. In addition we need
to consider the operator OlAl > 5(S, +3)('1 as a double irreducible tensor which transforms
according to identity representation Aj. The same arguments enable us to use the irreducible
form of the central spin operator (SO) = (S())IAI. The part 14 may be written as the inner
product:

A A A
_JZ( 1)4[1 , 1}(50)“‘10‘2;:[(50)“"xO““]%i‘%

where [Al A]l Al]

= 1 is the Clebsch—Gordan coefficient of the cluster point group [32].

Let us suppose that we have found the eigenvalues E; s,r, and the eigenstates of the
environment Hamiltonian H, in the form |i, S, M, ", ). The basis functions of the full
cluster are obtained by the addition rule of spin angular momentum:

Su

i ST ys 83 SMFuMu) = Z |:M
u

. 1‘54} i Su M Tupta)l50), @
s
where [- - -] is a Clebsch—Gordan coefficient, hereinafter we use that of givenin [33], and |so) is
the wavefunction of the central spin. Since the state |so) is invariant under all transformations
of the point-symmetry group, the cluster basis functions transform like that of the environment
according to the same irreducible representations.

The calculation of matrix elements for the Hamiltonian (1) with the help of the Wigner—

Ekart theorem yields (see appendix A)
(0,8, Tys s SMFL,;LM|H|I s SMFu/Lu)

u-u M’

, S s S
= Ei“S,,l““Siu,i;SSM,SLSFM,FL8M,4,M;SSqS’SM'M’ + J(—l)Su+S+l/2{ Su o }

u

x 85.58m,m (S IS5 i SuTull O 18, LT )Sr, 11 S 1t » 3)

u-u-u

where {- - -} is a 6j symbol. The first reduced matrix element is (s||s||s) = +/s(s + [)(2s + 1)
and the latter may be obtained if the environment eigenstates are known (see section 3). The
energy per bond is then calculated as

giSI], = - lsru : :EluSu Ly

iuSu

lSF

lu u

1
= Z(Eisr (E,(?f—v))) (€]

u

where 7 is the number of nearest-neighbours of the central spin. The eigenfunctions

WSMTp) =" B r liSuls 55 SMTp), (T = Typuy) 5)
i Su
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and the energy levels E;sr are determined by the direct diagonalization of the cluster
Hamiltonian H (equation (3)). The values ;s should be regarded as an approximation
of the energy spectrum in the thermodynamical limit, whereas the energy E;sr divided per
bond number is much less appropriate for this.

It is important to note that from equation (3) it follows that to build the cluster target
state [iISMT u), we need only to know the states |i,, S, M, ", u,,) of the environment with the
quantum numbers |S —s| < S, < S+sand ', = T

The most important quantity typically measured in numerical simulations is the ground-
state staggered magnetization M.. The quantum mechanical observable for the z projection
of the central spin is given as follows:

25+1 s 1§
. - o 1\14S+s Su | pist
(SMIRISSSMT 1) = (=)' M | s (1Sl )?( D> |8, {S s, }

where identity (B.3) is used. The staggered magnetization M, is determined as

M; = lim 3[(S*(R)S(0))],
|R|—o00
where factor 3 arises from rotational symmetry in spin space. At long distances
[(S7(R)S*(0))| &~ (S%(0))? that yields our estimate of the full root-mean-square staggered
magnetization per spin M, = v 3(S§>2.
According to equation (A.1), spin-correlation function in the states of A; symmetry, the
ground-state symmetry as shown below, is determined as

1
(iSMA;|S§SSiSMA,) = (1SMA1|S0S lISMA;) = —ZZ
Sy 1,8,

uu

iSA, piSA . 1A . ases | Su s S
X Bis,n, Birs,a, (SISIS) GuSull S ()l S,) (= D)™ { . g 1}’ 7
u
where 7 is the lattice coordination number. In this calculation, it is convenient to introduce the

double irreducible tensor S 1A(r D=2, )l summing spins at distance r;, which transforms
according to identity representation A;. One can see that OIA‘ S'A ).

2.2. Increasing cluster size

As mentioned above, the lattice point-group symmetry should be conserved with the increasing
cluster size. The requirement is put into a practical computational scheme by the following
algorithm. (i) Atstep N, we have the eigenvalues El-(:\g: r, and eigenvectors i, S, m, Ty i)y of
the environment. Make a regular symmetry conserving expansion in the cluster size by adding
sites from the next coordination shell. (ii) Using a scheme of coupling of angular momenta we
build the set |i; S;m ) of states with total spin S; and third component m; for the part that is
being attached to the environment. The index i; labels other possible quantum numbers. (iii)
In general case, these functions form a basis of reducible representation of the cluster point
group. Based on the projection operator technique, one build basic functions |i;S;m I ur)
transforming according to irreducible representations I';jt;. (iv) Using a scheme of coupling
of angular momenta build a new set |i;Sym iy Symir; SumyUuptu) 41y of states associated
with the extended environment, where the notation |iySymyUyiy) = liySumyUuu) ) is
introduced. An interaction between the Nth step environment and the part added to it can be
conveniently written through the irreducible tensors U ¥ and W1%” built from spin operators
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of the ‘old” and ‘new’ added parts, respectively,

_ _na |V Y A Gy gy
90305 ¥ IR LA
iy yv g
The indices ¢,y label different tensors of the same symmetry. The matrix elements of the
extended (N + 1)th step environment is

. . . A YA A AN sV A
(llSImllIISIImII, Sumy Uy | Hy 7 Sym'yiy Spyymy s Sum r /vLu>

u u
= E%zrlﬁs“sﬁmum; Sr,r O, +J Z F@, Iyl F}FI/IV)(—DSHSWS“
foluy
S S S, . . . .
{S}II SI}I lu} (ST U iy Sy T i SuTu | W [l S; T )

The derivation of equation (8) and the reduced matrix elements of the operators involved in
equation (8) are given in appendices A and B, respectively.
At final step, we diagonalize (8) and find the eigenvalues E Z(A;? and eigenvectors

. ' St Sy S ||Ty Ty T

|1L¢SumL¢Fu//Lu>(N+1) = Za;;‘g?ll:fi,,s,,r,, |:m1 my ml:i| |:,ul it MZ:|
X igSymyLppr)ig Spmu i)

The iteration is closed by recalculating reduced matrix elements of the irreducible tensors

WY in the basis of the extended environment (see appendix B). Note that following the

scheme we will in some cases form intermediate clusters, unsuitable for calculations of local

results, with a non-bipartite environment.

3. An example: spin-1/2 antiferromagnet on a square lattice

The spin-half antiferromagnet on a square lattice represents an optimal playground to study
the strength and limitations of the method. To implement the algorithm, we need first
to build wavefunctions of the environment which are predetermined by the lattice point
symmetry.

To perform calculations we start with the cluster of minimal size V5 x /5. The sequence
of clusters involved in the calculations is shown in figure 1. Within the smallest cluster, the
central spin interacts with the nearest environment consisting of the spins Sy, , Sg,, S, S,. The
spin wavefunctions of the environment with the total spin number S, and the third component
M, may be written as follows:

11 11 1/2 172 1/2 1/2
'55(5011/31)55(51/1711)SMMM> = Z Z |:m/a m/ rialﬁl ] |:m/ m/ fiylm :|
Wy M Ty 1y Bl 1 Bi o1 B Y1 m Yim

X[Sﬂllﬁl S)/lm Su

g MJ X [1/2me, )|1/2mp )| 1/2m,,)|1/2m,,).

In such a description, all allowed configurations are comprised by a set |00; 00), [11; 00),
|01; 1M), [10; 1M), |11; 1M), |11; 2M), where we have dropped the spin 1/2 arguments for
notation convenience. It is easy to see that the functions |So(1 By Su Mu) form (in common
case) a basis of reducible representation of the group D, (for details see appendix C):

P . (Su) PN\ ;.

g|Soz1ﬁ1 Sym1 ’ SMMM> - DSérlﬁlSI//lﬂ]’Salﬁl Syym (g)|S°‘l/3| S}/lm > S“M”>'

L‘?K,(g) (the upper index denotes the spin S,) with the multi-index « =

{Sa Syrny | are readily determined and read

The matrices D
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Figure 1. Clusters used in the calculations.

W (10
DY.(Ey =D (C3) = DY) (0)) = D).(0)) = <0 1>,

DOCa) = DO(CY) = DL (CE) = D(CH) = (_352/2 _—ﬁz) |

The functions |00; 00), |11; 00) form a basis of this two-dimensional representation. Still

another representation of D4 can be generated by means of the functions |01; 1M), [10; 1 M)
and |11; 1 M)

1 0 0 —1/2 =172 12
phEy=0o 1 o], DUwCH=|-12 —1/2 —1/¥2].
0 0 1 —1/V2 120

’

01 0 —1/2 =172 =142
b (cHh =1 O 0 , ph(cH=|-12 -12 1V2
0 0

N2 —1N2 0
212 V2 1212 13
pll(cs)= 12 12 —uyvzl DlC)=| 12 12 vz,
1/‘/— _1/\/— 0 _1/\/5 1/\/5 0
0 -1 0
D6 = | ¢ 0 o, peh=[-1 0 o
0 0 1 0 0 —1

In a similar way we find the matrices D,Ezl)( (2) in the basis |11; 2M)

D& () = 1(Yg € Dy).
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The representations DS are the direct sums of the irreducible representations D = D040 g
DB pM = pUB) g pUE) P — pDCAD (see appendix E). The basis functions of these
irreducible representations are given by a similarity transformation

. — 7 (Su) .
M Ty = Y TG sl Senp S SuMa), ©)
Say i~y
and the matrix TS(S“; ST = fsal 41 Sy Su'sSuTuin 05,5, found with the aid of the projection-
abrovine "

operator technique reads (for details see appendix D):

100; A1) [00: Bol) |1M; By1) |IM; El) |IM; E2) [2M: A1)

. V3 1

00; 00) L ! 0 0 0

111; 00) -1 3 0 0 0 0
. 1 1 1

01; 1M) 0 0 + ! ! 0
. 1 1 1

110; 1M) 0 0 < -1 -1 0
. 1 1

111; 1M) 0 0 0 5 -2 0

111;2M) 0 0 0 0 0 1

Given the environment eigenfunctions [S, M,; I', j1,,) with the eigenvalues Ej,r, , the reduced
matrix elements of the double irreducible tensor O'41 = S, + g, + S, + S,, can be computed
straightforwardly using the Wigner—Eckart theorem and the similarity transformation (9)
rr ri’ ,
Yoo | wsrioysT)
v
= E: E:fgmusmf%%ywrw“u&mSW%”WE%LS%

S12,834 815,844

(10)

where the indices o, B, Y1, n1 are correspondingly denoted by the numbers 1-4.

To calculate the reduced matrix element that comes onto the right-hand side of
equation (10) one has to rewrite 0;5 through the spin operators and employ their expressions
for the reduced matrix elements of the spin operators:

(128343 SIIS118], S50 §') = (= 1)+5SutSitS g, 51§, 8712

S, 1 Spl[s 1 S
V12 172 1)2) (S Su ] (V2ISI/2050s,, (11)
(S128343 SIISalI S}, 8545 ') = (= 1)1+ (g, g1, 8711/
S, 1 Spl[s 1 S
V12 172 1)2) (S Su ] (V2ISI/2050s0, (12)
(128343 SIIS3118],850: §') = (= 1) #5255 5, 5t 5, 5171/
S, 1 Syl [s 1 S
V12 172 172) (5w Sun s, (V2ISI/20850s0 (13)
(128343 SIISa 18]y Sh0; §') = (—1)+5SutSitS gy, 6 5 51712
Sy, 1 Sul[s 1 S
V172 12 172) |Su S S (1/21511/2)051,.5;,- (14)

Since the operator O'41 coincides with that of the environment total spin Su, it turns out
that the matrix elements (S,T",|0'41|S/ T ) are diagonal:

(Su T |O"™M[SIT)) = \/Su(Su + D(2S, + 185, 55,1 -
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Table 1. Energies Egsr and egr.

sro 1A 1By 3B, 3E 3a4y 3B 3E A
Esr 0 -J 0 -J A A A
esr 0 -7 0 -5 -3y 4 LA

As a consequence, one may check that this property holds for the Hamiltonian of the total
cluster:

1 2dRAnld 1 Iaq'
SuFu; §7SMFM/J/14|H|S L E; SMFWU*M

u-u’

= J(=1)545+1/2 {IS/MZ 15/;2 f} \/%su(su + )28, + 1)8s,58m,m0r,.17 8,1, 85,5, -

A direct calculation shows that the ground state belongs to the Hilbert space sector with
S =3/2and I' = A,. Hence, only the environment state with ST" = 1A is needed to find
the ground-state energy (see table 1).

Let us now consider the next step, an expansion of the current environment block due
to the next coordination sphere of radius /2. After an addition of four spins Sy, Sp, Se, Sq,
the cluster becomes a square of size 3 x 3 with the bipartite environment of the central site
(figure 1). The basis associated with the added part is

ll(S )II(S VS, M
292 ab22 cd)O1VE]

— Z Z [1/2 1/2 Sab] |:1/2 1/2 Scd:| |:Sab Sed S1j|
o e LMa My Map | M Mg Meq | [Map Mea My
X|1/2ma)[1/2mp)|1/2me)|1/2my). 15)
Repeating the basic steps in the approach we obtain the symmetry adapted basis | S; M;; T'yjpug).
The matrix of corresponding similarity transformation has the form

|00; A1) |00; By1) |1M; Bo1) |IM;El) |IM;E2) [2M; A1)

100; 00) B ! 0 0 0 0

111; 00) —1 B 0 0 0 0
. 1 1

01; 1M) 0 0 L 0 L 0
. 1 1

110; 1M) 0 0 4 0 -2 0

I11; 1M) 0 0 0 1 0 0

I11; 2M) 0 0 0 0 0 1.

The environment Hamiltonian includes only interactions between the first and second
coordination spheres:
H, = J[Sa,(Sa+8Sa)+Sp,(Sa+Sp) +8,,(Sp+S)+ 5, (Sc+ ] (16)
We now introduce the cluster irreducible tensors W, and U, transforming according to
representations " iu of the point-symmetry group Dy (for details see appendix D):

Uyt = 1= (Saq + Sbg + Seq + Sag)- Uyt™ = 75(Sag — Sbg + Seq — Sag)»

Ust = J5(Saq + Sbg = Seq — Sag), Ups = 75(Sag = Svq — Seq + Saq). an
14, 1B,

Wil = \/Li(smq + Sgig + Spg + Sng)- Woi' = %(qu = Spia * Sng = Snia):

W, = (Souq - Synq)’ quf = (qu - Sﬂuq)

ql —
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and then rewrite equation (16) as
_ Yy v A Ul 1y 1 1y 10A
HM_JZZ(—I)q[V g 1] VW_W_JZ[U” x WP (18)
yvoq

The reduced matrix elements of the irreducible operators that appear in equation (8) can be
obtained exactly from result (10):

(SITNUMIST)) = S (SHISISSs, 80,1, (SuTul W™ IS,T)
=\%(511||S||511)5S11 SR (1
B 0A1 OBl 132 1E 2Al_
0A, 0 0 0 V2 0
0B, 0 0 0 —v6 0
F 1E /F/ —
(ST U118 T 1B, 0 0 0 —v6 o0 |’
IE -1 3 =3 0 =5
24, 0 0 0 0 0 |
B 0A, 0B, 1B, 1E 2A; 7]
0A, O 0 0 V2 0
0B, 0 0 0 V6 0
SuTu|W'E| S/ ) =
SuluIW =18, ) 1B, 0 0 0 —v6 0
IE -1 =3 =3 0 =5
24, 0 0 0 V10 0 |

To compute matrix elements of the Hamiltonian H,, we construct the basis

S S, W r;y r I,
lirSiTrigSuly; SuM,Tyn,) = Z Z [ ! m1111 :||:Mj MZ /L:|

myp,myy [y,

X i Sym Uy i Symp Ty ) (20)

formed from the eigenstates |i;Sym;Uyr) and |iyp SymyUyyr) of the ‘new’ and ‘old’ added
parts, correspondingly. Then we obtain using equation (A.S5) the expression similar to
equation (8) with E;,s,r, = Ej,s,r, = 0. Applying exact diagonalization to the Hamiltonian
H,, one can then find the eigenfunctions

. 2 : iy Sy . : .
|luSuFuPLu> = ai;S[F;;i”S”Fu |lISIFIlHSIIFII’ SuMLtFuMu)

and the energy spectrum E; s, of the environment. By using the recursion relation (for
details see (B.5) in appendix B)

1A, iuSulu luSurrA
(iuSu Tyl O ” Ly u u —5r T : : Z Z i ST iy SuTy %y s,r): inSyTh

i, Se.U iy, Sy gy i S T

1 /
x (—1)FSSutSap s, 81112 Su Su (inSuTullO" iy SpTy)  (21)
Sy Si Su

one finds the reduced matrix elements in the environment basis |i,S,A;) that come into the
matrix of the total cluster (3).

Formulae (3)—(5) allow us to obtain any of the possible 54 square cluster states. Our
calculation shows that the ground state belongs to the Hilbert space sector with S = 1/2
and ' = A;. Hence, only the environment states with ST" = 0A;, 1A are needed for the



Symmetry adapted finite-cluster solver for quantum Heisenberg model in two dimensions 655

Table 2. Environment states of symmetry 0Aj.

i 04, iy0A; iy0A

i Y404,  YIEIE %4124, Ei 04,
1 0.071 0.449 0.890 —3.651J
2 0.569 0.715 —0.406 —0.726J
3 —0.819 0.535 —0.205 0.377J

Table 3. Environment states of symmetry 1Aj.

i 1A} i 1A} in1A; i 1A;

i Y0A3143 Q144044 Y EIE @4124, Ei, 14,
1 0.153 0.153 —0.478 —0.851 —3.128J
2 —0.470 —0.470 0.566 —0.487 —1.202J
3 —0.505 —0.505 —0.672 0.196 1.330J
4 —0.707 0.707 0 0 0

Table 4. Data on the ground state of the cluster 3 x 3.

g g g g g g g
Broa,  Bra,  Pioa Biia,  Paa B34, Piia, Eq

—0.712  0.044 0.010 —0.695 0.0048 —0.090 0.011 —4.749

evaluation of the ground-state energy. Below we summarize the results obtained for this
particular case.

Using equation (8) and the explicit expressions for the nonzero sums of Clebsch—Gordan
coefficients of the point group D4 (see equation (A.3) in appendix A)

F(A]A]Al; A]A]Al) = F(EEA], A]A]E) = F(EEA], EEA]) = 1,
F(A1A1A1; EEE) = 1/2,

we obtain
1
0 —731 0
~ 1 5
HM(OA‘): —«/—3.] —J — 3.’
0 -3 =37

in the basis of the states |0A;0A;;00A,), |IE1E;00A), |2A2A1; 00A,). The

diagonalization of H, 40 yields three states of the 0A; symmetry (see table 2).

As for the I-?u operator with S, = 1, we have the following matrix representation, with
. . ~ (0A
the same considerations as for the Hu( V operator:

00 J 0
0o J 0

fr (1A
BEU=1y 0 21 4y
V5 5
00 -y -3y

in the basis |0B;1B;; IMA,), |1B,0By; IMA,), |LELE; IMA,), |2A12A1; IMA,). The
states of 1A; symmetry are listed in table 3.

By using the recursion relation (21) with the starting value (19), one finds the reduced
matrix elements in the environment basis |i,, S, A|). Plugging them into equation (3) we get the
target states |i %M Al) [see equation (5)] of the cluster and their energies Ei% A @=1...7).
The number of states involved in determining the cluster ground state equals 7 (see table 4).
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Now we list the results for observables. The energy per bond found with the help of
equation (4) is ¢, = —0.3442 J. This result may be compared to those results of QMC [7]
&g = —0.3347 J and DMRG ¢, = —0.32679 J for lattice of size 20 x 20 and for number of
DMRG states 150 [6]. (Extrapolation of the DMRG results in the infinite-lattice limit yields
&g = —0.3321 J). The best available DCM [21], CCM [26] and RSRG-EI [19] results are
—0.33486 J, —0.33308 J and —0.33409 J, respectively. Using (6), we get the ground-state
expectation value of the z component of the central spin <S§>0 = 0.173 and the staggered

magnetization M = v 3<S§)(2) = 0.299. For comparison, the extrapolated QMC result for the
lattice magnetization M = 0.3070. We also provide an estimate of the spin—spin correlation
functions (7):

(S587_,) = —0.115, (S557_ ) = 0.073.

V2

These estimates should be compared with the known results —0.1116 and 0.0637,
correspondingly [27].

We have made a preliminary calculations by using the small cluster 3 x 3 and one can see
that an accuracy of the results is still insufficient. However, we have established the following
important features:

(i) The ground state of the system belongs to identity representation Aj.

(i) The lowest lying environment states of the same point symmetry give a contribution to
the ground state of the system with the largest weight |,3f0 A |2 + |/3f1 A |2 ~ 0.989. One
can see the coefficients 2 by noting that the diagonal matrix elements of the reduced
density matrix in DMRG language [2].

(iii) A comparison of the ground-state energy per bond as calculated by E,/12 = —0.396 J
and its infinite-lattice approximation (4) within our approach shows that we produce a
better result.

At further step, the procedure is repeated and the environment block grows by adding the
coordination sphere of radius 2. When the new spins S, , Sg,, S,,, §,, of the sphere are added,
the cluster transforms into the rhombus of size \/ﬁ X \/ﬁ . The cluster has the non-bipartite
environment; hence, it is instructive to study this case to examine the effect of non-biparticity.

The Hamiltonian of the new environment decomposes as

A, = H,(0)+ J(Sa, S, + S5, Sp, + S, Sy, + 50 Si).- (22)

H, (0) contains all interactions within the ‘old’ environment, and the second term describes
all couplings between this part and the added sites.

The irreducible tensors built from the added spins are the same as those of the first
coordination sphere (17):

1A, 1By
qu = %(Sﬂtzq + Sﬁzq + S}’zq + Sﬂzq)’ qu = %(Sazq - Sﬂzq + Syzq - S??zLI)7 23)
qulE = (Sdzq - SVZ‘I)’ quf = (Sﬂzq - SﬂzQ)‘

One can then cast the Hamiltonian (22) in a more amenable form

Hy = H,0)+ 5JUM s WG+ STUMP s BTG + 57 [U'E x wEGE,
where U7 are given by

UqllA1 = %(Salq + S+ Syg + qu)’ UqllBl = %(qu — Spig+ Spq — qu)’

IE \E (24)
Uql = (Souq - Sm)7 qu = (qu - Sﬂw)~
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The matrices formed from the reduced matrix elements of W'!? tensor coincide with (19).
To find those of U!” tensor we use equation (B.5). The expressions mentioned (19) are used
to initialize the calculations.

From direct calculations one can show that the quantum numbers S = 5/2 and I = A,
are attached to the ground state of the rhombus. This state is formed from 41 environment
states with the symmetry ST', = 2A, and 22 states of symmetry ST', = 3A;. Numerical
diagonalization gives the cluster ground-state energy E g(%Al) = —5.779 ] that yields the
ground-state energy per bond £, = —0.30925 J in the thermodynamic limit. If we compare
this result with that of QMC, we see that the agreement becomes worse. Nevertheless, the
conclusions made for the square cluster 3 x 3 hold: (i) both the ground state of the environment
and that of the total cluster have the lattice point symmetry A;. (ii) The largest weight (is of
the order 0.993) into the sum of diagonal elements in the density matrix comes from three
lowest lying 2A states and one state of symmetry 3A;, whereas the total number of states
is 63.

Monitoring energies per bond ¢;sr for the total cluster spectrum E;sr, we found that the
minimal value e, &~ —0.3229 J is reached for the lowest state of symmetry %Al , however,

E (%Al) >E, =E (%Al). A similar situation, when a minimal energy per bond belongs to
a higher lying state, has been early observed in the DMRG study of antiferromagnetic chains
[2]. Despite the number of sites in the cluster ~/13 x +/13 is greater than that of in the cluster
3 x 3, we see that the result for ey, deteriorates compared to the QMC value —0.3347 J.
Close inspection allows us to suggest that this is because we are working on the cluster with a
non-bipartite environment.

To proceed with increasing cluster size and satisfy the biparticity requirement we should
take the square cluster 5 x 5 in the next step. For the 24-site environment of the cluster,
an exact-diagonalization calculation of the fotal spectrum is not possible at present and so,
to move on to the next-larger system, we have to elaborate a procedure for determining the
states giving the best approximation to true environment states. To solve the problem and
1mplement the condition of bipartite environment we take a system in the form of ‘decorated
cross’ obtained from the former cluster /13 x +/13 by adding four spins Sm, S B> S - Sm
(figure 1). The form makes equal a number of sites in both sublattices, though it incorporates
eight sites that are being attached to the cluster by single-lattice bonds. At the same time,
exact diagonalization of the cluster V17 x /17 is allowed; hence we compare the exact
diagonalization results with those obtained from a symmetry-based truncation procedure and
analyse a truncation error on a number of states kept. Since the cluster increasing is similar to
that used in the previous step, we present only the results of calculations. The ground state of
the extended cluster environment has the symmetry OA;. The total number of states with the
same symmetry is 194. Together with 439 1A, states of the environment they form a ground
state of the total cluster labelled by the symmetry numbers %Al. Results for the ground-state
energy per bond ¢ = —0.3304, the staggered magnetization m = 0.305 and the spin—spin
correlation functions (Sé Sf=1> = —0.1101, (SSSf, ﬁ) = 0.0615 agree well with the mentioned
ED and QMC results and are much better than those obtained for the square cluster 3 x 3. A
deviation from the ED result is found for (S5S7_,) = 0.0169. This discrepancy arises from
finite size effects and an imperfect topology of the cluster.

We now describe the low-energy spectrum of the environment. As the dynamics
of the Néel order parameter is one of the free rotators, the low-energy levels scale as
E(S) ~ S(S+ 1)/N, where the inertia of that rotator is proportional to the number of
sites [28, 29]. The environment lowest energy levels (tower of states) belonging to different
irreducible representations of the lattice point group are shown in figure 2 for different S
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Figure 2. The lowest energy spectrum of the environment for the cluster /17 x /17 on the square
lattice. The SU(2) symmetry breaks and a long-range Néel order appear as a set of A; states
with an energy scaling as E(S) ~ S(S + 1) (dashed line). The symbols represent the irreducible
representations of the different eigenstates.
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Figure 3. The cluster ground-state energy £, the energy per bond ¢, and the staggered magnetization
m convergence for the +/17 x +/17 cluster versus number of environment states kept.

sectors. The SU(2) breaking due to the long-range Néel order appears as a set of A; states,
lying off from other levels, with an energy scaling as E(S) ~ S(S + 1).

In the remainder of this section, we describe a version of the truncation procedure. The
main idea will be illustrated on an example of the ground-state properties. An inspection
of results for the current and previous clusters reveals that one has to take the lowest lying
environment eigenstates both in the 0A; and 1A, sectors. As for the number of kept states it
seems to be most simple to take M states equally from the both subspaces, albeit the choice may
not be optimal. To prove that this concept works we recalculate the observables found above
on the various numbers of environment states kept (see table 5). As can be seen from figure 3
the convergence of the results is exponentially fast in M. Merely keeping 100 basis states may
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Table 5. Convergence of the ground-state properties versus the number of environment states kept.

M(OA;)  M(1Ap) Eo/J g/J m (S582(1)  (S55°(v/2)
1 1 —7.9010 —0.2410 0.354897 —0.080333  0.065 647
5 5 —8.1018  —0.3136  0.304148 —0.104533  0.071420
10 10 —8.1282  —0.3238  0.304928 —0.107933  0.073201
20 20 -8.1378  —0.3279  0.305707  —0.109300  0.073872
50 50 —8.1425 —0.3301 0.305101 —0.110033  0.074247
100 100 —8.1429  —0.3303  0.305187 —0.110100  0.074289
194 194 —8.1430  —0.3304 0.305187 —0.110133  0.074 300

be as efficient as keeping of all 633 environment states intact. We regard the resulting better
than 0.01% agreement for ¢ and m as support for the efficiency of our truncation procedure.
We note that the truncation procedure becomes inevitable for the next step system of size 5 x 5
with a bipartite environment, when the ground-state subspace has a dimension 93034.

4. Conclusions

In this paper, we present a quantum cluster solver for the spin-S Heisenberg model on a
two-dimensional lattice. The formalism is based on the real-space renormalization procedure
and uses the lattice point group-theoretical analysis and non-Abelian SU(2) spin symmetry
technique. Let us summarize advantages of the approach as follows:

(i) The cluster spin states are decomposed into parts belonging to different irreducible
representations of the lattice point group and to different values of the total spin. Due
to the embedded group-theoretical analysis, our approach can handle each of the cluster
target states independently that offers a distinct advantage for parallel computation.

(i) An extension of MPM destined for quantum spin chains to higher dimensions has inspired
the construction of variational methods for the ground states of 2D spin Hamiltonians
(vertex state models [34], tensor product variational approach [35], tensor product ansatz
[36]). Since, the trial states are represented by the two-dimensional product of local
weights, these approaches are faced with severe limitations concerning their applicability
because of the relation between a spin value and lattice topology. The shortcoming lacks
in our formalism.

(iii) Large sparce-matrix diagonalization algorithms (Lanscoz technique, for example) used
in DMRG and ED methods converge to maximum and minimum eigenvalues of a model
Hamiltonian, i.e. to eigenvalues at the edges of the spectrum. Our approach gives access
to eigenstates of an entire spectrum.

(iv) Combined with a decimation procedure of the environment states like those used in the
DMRG technique the group-theoretical analysis allows us to overcome the exponential
growth of computational efforts with an increase of the system size. Our approach using
the total spin S and the irrep index I'w as good quantum numbers yields a rather reliable
truncation procedure of the Hilbert space of the model Hamiltonian.

(v) Calculation of observables for the central spin involving a density matrix of the
environment reduces edge effects which are inevitable on finite-size clusters.

The major drawback of the formalism is that it does not allow an easy implementation:
a complexity in construction of basic sets via the repeated evaluation of 6 and 6" symbols,
the calculation involves two matrix diagonalizations etc. The performance gains from
implementing the SU(2) and lattice point symmetries are not impressive in comparison with
gains from exploiting just the simple U (1) symmetry leading to total magnetization as a good
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quantum number. Their use in studies with larger clusters without truncation cannot help to
alleviate the problem of the exponential growth of computational efforts.

In the method that we suggest, short-range correlations on the scale of the cluster are
taken into account, while correlations on a scale larger than the cluster size are neglected.
To overcome this shortcoming we need to restore translational symmetry of the lattice. The
results of these investigations will be reported elsewhere. In this connection, we note that the
translational invariance holds for the DCM and CCM methods.
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Appendix A

Let |i;S; Ui Syl SMT ) is a state with total spin S, third component M, and transforming
according to irreducible representation I'w. This state appears in the tensor product
decomposition (i; S; ;) x (i SyTir), where (i ST') denotes a state with total spin S, irreducible
representation I" and i labels other possible quantum numbers.

We need to compute the matrix element

(ir SiT i SyTus SMT (U s W' 158 i) )T i, 85T S'M'T 1)

:ZZ(_l)q[)’ Y Al] I:FI Ly Fi|*
} vov Ll pg owm

qv {m,n

X[r’, Iy, F’HS, Su S][S; Sy S’}
Wy wy Wl lmp omyg MJ{mp omy M

X iy SymyTrpg|UY iy Spmy Tyl
, ly |.
X (11151,m11F11u11|W_7;v|l;1S1’1m;[F;1;L}[). (Al)
The Wigner—Eckart theorem for a double irreducible tensor reads

(i1 Sim T\ W) i SimyTyuy)

v
S 18 r, "
= (=% ( ! f) [y ! [} (i ST W |i;S;T),  (A.2)
—mp oq mpj|V K K
where the 3 symbol is related to the Clebsch—Gordan coefficient by

(Sl S 53>: 1 (_l)SI+S2—m3|:S1 S2 S3i|.
my mp ms V285 +1 mp  my; —m3

A full contraction of five Clebsch—Gordan coefficients of the point group may be written via
the 6I" symbol:

y y A[r; T, r1°
F([,Ty; T y) = [ ][
L Y Z v v 1| |ur pmg w

;o
VILL ar g Mg

X|:F§ Iy F/i| |:V r; F1j|*|:l/ ry Fn]*
wyomp o lvowp owr] vy wma

r, Iy T|[A, I' T
- Ses. A
{Fb I V}[l AT R (A-3)

however, it is more convenient to find directly this sum.
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Substituting (A.2) into (A.1) and performing the sum with the aid of equation (A.3) and
the formula (see [33], for example)

Z (_l)p‘//+qx+rp+so+tr<p a 5I> ( q r t)
Vv o—a x)\—x p T

Xypot
—1)4—«
o a/ s s P t :L q p a 8o,
—p o o -0 -y -1 QRa+1) |s r t
(A4)
we get finally
(irSiTrigSuT; SMUp|[UY x WY 418,10, STy S MT W)
) S Su S
= 855/5MM/5]"1"/6HM/(_1)sl+S”+S /1 1/1 F(F[F[]F, F;Fl/ly)
Sp S 1
< (i ST U iy SiT ) i SuTull W' Nlig Sy Ty (A.5)

The reduced matrix elements appearing in (A.5) result from the previous iteration.

Appendix B

The systematic increasing cluster size requires an iterative procedure to compute the reduced
matrix elements of the double irreducible tensors U'” or W7 (acting on the states with indices
I and 11, respectively) in the basis

. ; S Sy S||I'y T'y T
SmUu) = alSr .
|iSmI 1) Qi ST rsin Syl m; my ml||wr up

X igSym Ui lig Symy Ui per), (B.1)

with an aid of the Wigner—Eckart theorem. On the other hand, one can use the basis of states
(B.1) to obtain

. |DATIE N2 o AN iST i'S'T
<lsmF'LL|WqV [ESmT W) = Zail51Fl;iusuruailSlrl;il/,S}IF;,

o St Sy S|[S S ¥ (—1)Si=mn S 18,
/ / 4
mp my m||m; my m —my oq my

mymymy;
r, r{°[r, r, r

% Z [)’1 1 } |: 1T }

c LM R g LM Ky B
Jr e g

r, Tyl . .
X|:y i ”] (i SuTull W [lig SyTh).- (B.2)
mo Ry B

The sum over m,, my; and m}; is performed with the aid of the formula

_1\P—Vrq—x+r—p p a q q b r><r ¢ P)
Z( Y (w o —x)(x B —p)\p v V¥

xvp
:<a b c){a b c}. (B.3)
—a =B —=y)Ir p ¢

The sum of three Clebsch—Gordan coefficients of the lattice point group in turn can be
transformed as follows:
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ry Iy r, Iy Iy Ty Ty :
Z Z ’ — - / ‘SVﬁsM'ﬂ’
nr o i “r MKy K Vo Wy R
Mlu”ﬂ” v/
- Z[“ e ||
Ko Mar wro g ROV wy
HIMIIHU v
y I I [y IV
[ e
—lv w m]lv A
D A 1D o > AN
Kmro o
i

=

Wiy Vit

X[r, r;, F/Hy T, F11:|*|:y r F}
wro py BOLY my o omm ] [Vo® @]’

After permutation of the first and second columns in the third Clebsch—Gordan coefficient
the sum over projections w;, iy, 1y, ¥, and fi’ is easily performed that gives immediately the
6I" symbol [38]:

rr 1 r, T
Z[V -, ] {V g ”}arra,mrlr,,r) (B.4)

v p ool |y ¢ IY

i
where we use the symmetry property of the Clebsch—Gordan coefficients
r I, T r, rrp, r
[ b }=s<rlrzr>[ ro ]
Hi 2 M2 1

and the sign e(I";[',I") = %1 depends on the point group.
The reduced matrix element can be computed using (B.2), (B.4) that yields the results

(@sr wlr ”i,S/ Zall;gsl:ﬂ inSuln® :li‘lrl“l inSyTy
, s 1 5
% (—1 1+87+8;+S S, s’ 1/2{ }
(=D [S, 5] S S S
. ./ / / r/ F ’ !
(i SuTull W' i sy Ty 1 110 ey, (B.5)
ry, r T
and
. 1 ./ ’ isT i'S'T
(iSTINU ™ i s'T )= ZailslFl:illsllrnai;S}F/,;insnrn
’ s 1 5
X _1 1+S,+S1]+S [S, S/]1/2{ }
=D S, Su S;
. . NE2RYERY
ATEATAA! {F” J F,} , (8.6)

where [S] = 2S5 +1).

Appendix C

Here, we give a detailed derivation of representation for the D4 point group in the basis of
four coupled connector spins
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S0 S Se||S Si Su
18182(812)S354(S34) SM) =
myp  mp mip| |mM3 N4 N34

S S S
><|:ml2 ms4 Mi||Slm1>|Szm2>|53m3>|54m4>.

Consider first the 77 /2 rotation C4 about the z-axis:
512 i| |: S3 S4 S34 i|

A S S
Cal SiS2(S1)83S4(S)SMy =y~ Y- [m‘l 1 o

my,my m3,mg Mmi,M3s
S S S
x [ oo }|Szm2>|S3m3>|s4m4>|slm1>
mp myy M
512][53 S4 534:| |:512 834 S]

DD D
my my mpy||m3y my m3s||mp my M

nmy,msy ms3,nmq Ny ,ms4
X Z Z |S2]’712) |S3I’7’l3) |S4”h4) |Slml>8ﬁ1211128n‘13m3 8ﬁ14m48rh|m1 .
my,mo ms3,my
To proceed we use the orthogonality property for the Clebsch—Gordan coefficients:
Sz S3 523 S2 S3 S23
Oitisms Simym Ogma Oimym, = _ _
R Zz[m2m3m23 mpy m3 M3

Sia,m4 S23,mo3

X[S4 S 514:|[S4 S 514]

mg my mi4||Mmg My my

Then
Cal S182(812) S384(S34) SM)
:ZZ Z [51 S 512]|:S3 Sy 534:||:S12 S34 S]
e e e Lmy my mpp [ m3 my ma ] [miy o mag M
x 33 IS S Semaisi) Y Y [SZ > S”}
Siaomis Surmas mp m3 M3

my,mo m3,my
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mp m3z mp3||mg my my||[Mmg My my
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XY 1Sma) | Sars) | Suma) | Sy
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S3 523:| |:52 S3 523}

RY)
X E E E _ _ _
my m3 M3 | | My m3 N33

S14,m14 S23,m23 M14,7M23

S4 S1 Sl4 S4 S] Sl4
X |: ] [ ]3'7123m23317114m14

my My Mg
S ||S Sa Ssa||[S2 S S
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Sz S3 S23 Sz S3 523
X Z Z Z [mZ ms mz:;} [}’712 I’T’l3 7"_123}

S14,m14 S23,m23 M14,7M23
o [54 M 514:|[S4 M 514]2[523 Sia S] |:Sz3 Sia ?]
my my My [|mg My My olmas mu M| |my mys M

A full contraction of six Clebsch—Gordan coefficients yields the 9 symbol:
Z Z Z [ S 512] |:53 S4 534} |:S12 S34 S]
et e LM my map [ m3 g s | My M M

o |:S4 Si 514:| [Sz S3 523] |:Sz3 Sia S-
mg myp myg||my mz moz||[maz my M|
— (_1)S]+S47514(_1)S3+S47534(_1)S23+S|47.§
S S S12i| |:S3 S4 S34i| [S12 S Si|

X
eri m§4 mgﬂ |:m1 my miy||m3 mg mas||mpp myy M
o |:51 S4 514i| [Sz S3 523] |:S14 Sn3 L:S’-
my my myg||my m3z moz||[myy my3 M|

— (_1)51+S4—Sl4(_ 1)S3+S4—S34(_])523+514—S

S S Sk
x [2812+ 12814+ D283 + DQ2S3a + DIV Su S5 Ssa ¢ Ss58mirs
Sia S S

where we use the symmetry relation for the Clebsch—Gordan coefficients

[Sl S 512]_( 1S+ sn[sz Si 512}

my  mp mj my mp  mj
By introducing the state with the recoupled four spins

_ S S8 S S S
1285(S23) SaSi(SiDSMy =y~ N~ Y- [mzz o mﬂ[ - m‘l:]

—_ = = ny
ny,my M3,y mMi4,M23

Sy S S _ _ _ _
X|:n‘123 i M]|Szmz)|53m3>|54m4)|51m1),

we get finally

CalS1S2(S12)S3Sa(S3)SM) = Y (= 1) HSis () Sswsiie () St

814,523
x [(2512 + 12814+ 1) (2523 + 1) (2834 + D]'/?
S S S
X3 S48z 8340 15283(523)8451(S14)SM),
Sia S S

that is transformation from a coupling scheme to another. Then an action of the operator C,
is defined by a linear transformation of the basis «" = {S]55(S1,) 8554 (S5}

Culic) = ZD(S)(C Y'Y,
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where the matrix Dis,z (C4) is determined by the expression

DE(C4) = 85,5 85,5,85,5,05, 5,855, 05,15,, [2S12 + (2814 + 1) (283 + 1) (2834 + D]'/?

S S Si
X(_1)S|+S4—Sl4(_1)S3+S4—S34(_1)523+514—S S4 S3 S34
Sia S»n S

We can handle analogously another symmetry operations in the D, group.

Appendix D

The standard method for constructing an irreducible basis is to use the projection operator

r_ ('] ) A
P, —EZDW(S’)& (D.1)
geG
and the shift operator
('] .
geG

where [G] is the order of the group G, [I'] is the dimension of the irreducible representation
I and D,&FU) (g) are the irreducible matrix elements, p or v is an index enumerating the basis.
Supposing that ¥ is one of the reducible basis vectors of G, an irreducible basis might be
obtained by applying

Piv = ¥)¥- (D3)
If {y!'} is the basis for the irrep I" then
r r r
Pov, =9,. (D.4)

Let us construct irreducible tensors U ql 5 from the operators {S,, Sp, S¢, S;} forming the nearest
environment of the central site. The transformations of one of the given spins under the
elements of the group Dy are

ES, = S,, C4sS, = Sy, 28, =S., C3iS. = S,
Cgsa =Sy, CgSa =Sy, C;Sa =38, C;,Sa =S,

that together with (D.1) give immediately the irreducible tensors U ;}: of the one-dimensional
representations:

Uql]Al = N, (Sq + Sp+ Se + Sa), Uql]Az —0.
Uqlfl =0, UczlfzzNBz(Sa_Sb+Sc_Sd).

To find the irreducible basis for the two-dimensional representation E, we construct the
projection operator P and then apply it to the spin S, that yields

Uyt = Ng(Sa+ Sy — Se — Sa).

Using the shift operator (D.2) and acting according to the rule (D.4) we obtain the second
irrep basis vector
Uyy = Ne(Sa— Sp— Se + Sa).

We choose the coefficients Ny (I' = Aj, E) so that the Hamiltonian written through the
irreducible tensors coincides with the initial spin operator form.



666 V E Sinitsyn et al

It is not always possible to construct all irreducible bases from one chain. The theory
says that one has to choose another starting function. In a computer realization, therefore, we
build all chains generated by all vectors of a reducible basis:

v = Z D;i ()Y, (D.3)
J
and form the matrix X' from the chains
X5 =Nr ) D, @)Dji(R). (D.6)
g

The rank of this matrix
x(@x" ()

determines a number of linear independent columns, where the character x (§) = Zi D;; (2).
After these columns are established, orthogonalized and normalized with the help of the
Schmidt—-Gram procedure we get the first Cr columns of the transformation matrix ﬁ,m-
By running over all irreducible representations and repeating the basic steps in the approach
we obtain the square matrix of corresponding similarity transformation onto the symmetry
adapted basis:

W,]; = Z ﬁ',l"uwi'
i

As an example we calculate Ts<112)s34,r ,, for the nearest-neighbour environment of the central site.
The characters of three-dimensional representation can be read off from the 3 x 3 matrices
D given in section 3. We thus obtain

E C4,C; C: C3,C5 o),0!
x 3 -1 -1 -1 1

whence we conclude DV = DUB) @ DUE) A direct calculation of XT matrices from
equation (D.6) yields

11
2 2
== ZXB' @DY@ =% 1 of.
0 0 0
11 42
1 1 4
_ (1) 1 1 V2
= ZD @D @ =|-1 L
2 _v2o 1
4 4 2
and
112
1 1 4
_ = (1) 1 1 V2
ZD @Dy @® =] -1 1 ¥
V2 v2 o 1
4 4 2
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By noting that ranks of the matrices equal to unity, we find finally via the Schmidt-Gram
procedure the transformation matrix T;;;;)Sm-r 't

[1M; By) |IM;E1l) |IM; E?2)
I

. 1
01 1M) 7 2 3

. 1 1 1
110; 1M) % -4 -1

. 1 1
I11; 1M) 0 % -

Appendix E

For the reader convenience we give the character table of the group Dy

Dy E C,C;' C? ¢3¢y c,c!

A1 1 1 1 1
Ay 1 1 1 —1 —1
B 1 —1 1 1 —1
B 1 —1 1 —1 1
E 2 0 2 0 0

and the matrices of double irreducible representation taken in the basis xy (see [32], for
example)

DP(E) = ((1) ?) DP(Cy) = (? _01), DP(C3) = <_01 N 1>,
DE(C)) = <_01 (1)> DE(C3) = <é _01), DE(C)) = (—01 (1))
DE(C) = (? é) , pH(C)) = (_01 _01> :
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